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in t roduc t i on  

Designers of  d i g i t a l  sys tem inva r iab l y  encounter problems i n  which the  sequence o f  
") signal  patterqs i s  C r i t i c a i .  A t  these times the c rea t i on  of t h e  correct f i n i t e  state= 

t i a i  machine m3deI i s  required as a po r t i on  of t he  synthesis procedure. m c m  t o  e x d m  
i ne  a nurrSer o f  f i n i t e  s ta te  sequential machines. t o  look a t  many propert ies o f  a s i n g l e  model, $ o r  t o  examine a number of  a l t e rna te  formulations would be a useful tmi f o r  computer englneers, 
l og i ca l  designers. computer sc ien t i s t s ,  and teachers. o\ t o  proviae such a tool  a1 lowing the researcher t o  probe f i n i t e  state sequential machines i s  
described i n  t h i s  paper. i h e  c o l l e c t i o n  of funct ions which are col lected i n  a workspsce a t  

0 present have been in f  iuenced by sme time shared programs w r i t t e n  by Thmas F. Piatkowski i n  
WSIC ( 3  p r g r a m s l  and FORTRAN on the Michigan Terminal System ( I  program). 
ed i n  references [ I ]  and c21 respect ively.  and fo l l ow ing  t h e i r  design ob jec t i ves  a i i w s  the 
interested reader the opportuni ty t o  make some comparisons between the funct ions w r i t t e n  i n  
APL and goud impiementations i n  these more t r a d i t i o n a l  and widely avai lable 1anguag.s. 

Formally a f i n l t e  s t a t e  sequential machine, M, i s  a 6- tuple Y - <S, X, 2, 6 ,  A, s >, 
where S i s  the se t  of  states, X i s  t he  set of inputs, 2 i s  the set of Outputs; 6 Is t h g  next 
s t a t e  fun-tion, napping ordered pa i r s  o f  s ta tes  and inputs i n t o  states; 6:s I X * 5; snd )i i s  
the output funct icn,  mwping ordered pa l r s  of states and in** outputs. 1:s = 'X + 2; and 
s i s  t he  I n i t i a l  state,  a dist inguished mmjber of 5 .  I f  6 and A are def ined f o r  all m a r s  
o? t he  Cartesian product S 
machine i s  incomplete. 
t h e  s t a t e  then the model i s  a Moore machine model; otherwise i n  the most general form of  out- 

-- 
The use of  the APL\360 Terminal System 

These were reprt -  

X, we say tne  machine i s  comoleteir  specified; otherwise tha  
I f  t he  machlpe has an Output funct ion A which I S  only a func t l on  o f  

, pu t  f unc r ion  i t  i s  a Mealy m o d r - -  

i n  our formulat ion we w i l l  represent the se t  o f  states by the f i r s t  N integers, IN I n  
ORIGIN 1 and the  set o f  inputs w i l l  be represented by IP and the  set of outputs by 14. The 
next State mapping i s  represented by a va r iab le  which i 5  a 2-dimepsionel array c a l l e d  STATE 
w i t h  a row representing the present s t a t e  and the columns representing the s ta tes  reached by 
one of t h e  P inputs. i n  a s i m i l a r  manner we use a matrix, not  surpr is ingly,  n a e d  OUTPUT t o  
ho ld  the  outqut mapping. 

Our model thus deals w i t h  R.P.p Mealy machines. By enter ing 0's appropr iately I n  STATll 
o r  OUTPUT we w i l l  denote undefined next s ta te  o r  output mappings and thus include incanpletely 
spec i f i ed  machines i n  the  model. How these funct ions cu r ren t l y  re la te  t o  i n c m p l e t e i y  specl f -  
led machines w i l l  be covered la te r .  Su f f i ce  it t o  say t h a t  t he  prqrams i n  [I] and [Z] deel 
w i t h  ;wnplete machines and so sane funct ions described here deal only w i th  c m p l e t e  machlner 
f o r  purposes of  comparison. 

INITIALIZE and pRINT 

STATE and OU??K wi th  the op t i on  of not  providing an output funct ion should It no t  be of  
importance, as f o r  ehample, i n  checking to  see i f  the machine i s  strongly connected. A f te r  
spec i f y ing  the appropr iate va r iab les  INITIATIZE c a i l s  PRINT t o  display the  machine. 
produces as an e x p l i c i t  r e s u l t  an array o f  characters g i v ing  the  mappings contained In  STATE 
and OUTPUT together w i t h  sane formatt ing n i ce t i es .  

A t  present states and outputs are represented as s ing le  characters taken from character 
vec tc rs  ALFHl and XLW2 respect ively.  Thus f o r  purpose of dlsplay "don' t  care" states and 
outputs a re  represented by - and s ta tes  are represented by l e t t e r s  and outputs by hexadecimal 
d i g i t s .  The present r e s t r i c t i o n  i n  display then i s  N S 26 and 4 5 16. Changes i n  PRItiT. 
ALFH1. and XLPHZ would remove t h i s  r e s t r l c t i o n .  and Ps9 may be al tered by changing PRII~T. 

Thus pOUTPUT i s  W.P. 

The func t i on  CJITIALJZE provides a conversational way of set t ing N and P and speci fy ing 

PRIUT 

These funct ions are shown i n  Fig.  I. 

I n  passing we note t h a t  separate var lables were chosen t o  store the next s t a t e  end output 
mappings ra the r  than s t o r i n g  both mappings as planes o f  a s ing le  array. 
f o r  t h e  f c t u r e  when we w i l l  handle Moore type machine models wherein the  Output Is an I 
element vecfor rather than a matr ix.  
a r t i f i c e  of hzving a i l  P coiumis o f  OUTFUT be iden t i ca l .  

Simulat ing a F i n i t e  State Machlne 

it i s  usofui  a f t e r  having speci f ied a p a r t i c u l a r  sequential machine s t ruc tu re  t o  specify 
a s t a r t i n g  s ta re  and then upon g i v ing  successive inputs t o  have the corresponding outputs dis-  
played, perhaps w i th  the op t i on  of having the current s ta te  o f  the machine displayed o r  not. 

This I s  t o  provide 

A t  present we may handle t h i s  type of machine by the  



The tunc t l on  S I f f J U T E  performs t h i s  task, and I t s  display together w i t h  a sample of i t s  use 
are s h a n  In F is .  2. 

' g ran  SlH i'n reference [I] (pp. 4-91. 
a This funct ion matches, f o r  the m s t  part ,  the output creatoa by ?he prc- 

SiH i s  w r i t t e n  i n  BASIC and contains 72 statements. Among these statements there are 35 
PFllNs statements, 6 Q TO'S .  9 IF'S. 5 FOR staterrents n d  5 associated NEXT statements. 7 IN- 
RIT,  I LET statement, 2 DiMension, I END and I STW statement. Since the value of va r iab les  
can only be changed by an INWT o r  LET statement, mst Of the program i s  c l e a r l y  p r i n t i n g  and 
sequence COntrOl. Moreover. the sequential natu.-e of  the problem denies exDioi tut ion o f  the 

' 

p a e r f u l  array operators i n  APL. 
the same funct ion i n  APL requires the 17 statement funct ion SIMUUTE. the 22 statement I R I -  
TIALIZE and the 8 Statemert funct ion PRINT, f o r  a t o t a l  of 47 reasonably s t ra igh t  forward 
statements. S t i l l  several advantages other than a s l i g h t  Gain i n  b r e v i t y  a re  obtained i n  the  
APL approach; these are: I )  Modular i t  . The funct ions INITIALIZE and PRINT are usable i n  
t h e i r  a n  r i s h t  and i n  t u r n  may and w i y l  be c a l l e d  by other functions; Other programs i n  [I], 
f o r  OXanple, dupl icate the  equivalent of IRIZALIZC' (using 35-38 BASIC s t a t a n t s )  at t h e  
beglnning Of each program. 
b i l i v  end convenience i n  input format reauirernsnts allow t h e  functions to be adupted to a 
wider va r ie t y  of machines. 
l a t l o n  of i ncmp le te l y  speci f ied machinet. 

Strongly Connected FIactices 

A sequential machine :s termed strongly connected I f  f o r  any a r b i t r a r y  pair  o f  s ta tes  
I.J. there e x i s t s  sone sequence o f  inputs which takes the  machine fran I as an i n i t i a l  s t a t e  
t o  d' as a f i n a l  s ta te .  I t  i s  thus s u f f i c i e n t  t o  be able t o  go f r a  s ta te  I to any o the r  s t a t e  
and also t o  make a ( m u l t i p l e  step) t r a n s l t l o n  fran any s ta te  t o  s ta te  I. 

I n  the  implementatlorl under discusslon, t h l s  task I s  performed by STROkG w h l c h  I s  s h a n  
I n  Flg. 3. TO model t he  BASIC program STR of [I] we a l so  s h a  I n  Fig.  3 t h e  APL f unc t i on  STR 
which ac ts  as c a l l i n g  sequence t o  STRONC. IXITIALIZE and P R I m .  

Ye must ccmnent i n  passlng t h a t  due t o  the  modular nature of APL, STR i s  real ly not need- 
ed; we may i n i t i a t e  the  execution of INITIALIZE and then STRORG a i r e c t l y  f r a  the terminal  and 
although these a re  separate functions, both manipulate c m n  glcbal  var iables.  The conven- 
lence of havlng funct ions and var lables pooled as resources i n  a workspace t o  be used whenever 
needed I s  a tremendous advantage o f  t he  APL Terminal System. I n  short  we need only add the  16 
s t a t m n t  funct ion STROXC to those already described t o  check whether a machine i s  s t rong ly  
connected. Note t h a t  most of the work is'done I n  STRONCC21 wherein we s t a r t  w l t h  a s e t  of 
states, S, ( i n i t i a l l y  se t  t o  I) t h a t  we can reach from s t a t e  I and then f i n d  a l l  the s ta tes  we 
can reach w i th  one more input. append t h a t  to S, s o r t  the s e t  of  states. and drop o u t  dupl i -  
ca te  entr ies.  When t h a t  I I s t  has no new en t r l es  on it we have the I I s t  of states reachable 
f r a n  stat. I. I n  a s i m i l a r  fashion STROllCClll bu l l ds  a l i s t  of states f r a  which s t a t e  I m y  
be roached by s a  input sequence. 
t i on ,  It should be noted t h a t  an added advantage of STROffi over STR w r l t t e n  In BASIC i n  
reference [I] Is t h a t  STRONG l i s t s  a l l  states whlch cannot be reached f r u n  state I as we l l  as 
e l l  s ta tes  which cannot reach s t a t e  I ra the r  than j u s t  the f l n t  s t a t e  In  lexical o rdo r  which 
f u l f l l i r  one of these q u a l i f i c a t l o n s  as i s  done I n  STR. 

M ln lm l ra t l on  o f  Sequentlal Machines 

f luous s ta tes  so as t o  reduce the number of states i n  the s t a t e  table.  A s ta te  1s superfluous 
If It i s  equivalent t o  s o m ~  other s ta te  where we say two states are equivalent i f  the  outputs 
a n  .qual f o r  any Input and i f  the p a i r  o f  s ta tes  reached under any ?nput a re  ais0 equivalent. 

machine breaklng t h a t  s e t  up i n t o  a se t  o f  sets such t h a t  each of these sets o r  o f  the 
p a r t l t l o n  has no Nmher I n  c m n  w i th  any other block o f  t h e  p a r t i t l o n  and such t h a t  any p a i r  
of  s ta tes  w l t h l n  a block are indist inguishable from one a w t h e r  i n  terms of  input-output 
eonslderetlons. 

Slnce a l l  states w i t h i n  a block have the sane output f o r  each Input, each of t h e  blocks 
serves as a prototype f o r  a s ta te  I n  a mlnimlred machine. This solves the classical minlmi- 
za t l on  problem providing the  machine i s  canpletely speci f ied.  It i s  t h i s  procedure t h a t  has 
been Implemented i n  the BASIC program HIN which a i s0  appears i n  reference [I] (pp. 17-24). 

Unfortunately the concept of equivalence no longer holds I f  t h e  sequential machine i s  
c a p l e t e l y  speci f led.  We do not intend t h i s  t o  be e i t h e r  a t u t o r l a l  o r  a revier of t he  mlnl-  
mlzat lon of incompletely spec i f i ed  sequential machines; the reader can r e f e r  t o  references C31, 
[4], [SI o r  any other recent book on s * i t ch Ing  and automata theory. 
b e t t e r  understanding o f  t h e  APL funct ions which follow, sone addi t lonal  de f l n l t l ons  and dis-  
cussion are required. 

Minlmal lnconplete Machines 

When the  s p e c l f l c a t i o n  of the machine i s  no t  complete, rather than equivalence of  states, 
we say tha t  two states are compatible i f  f o r  a l l  Inputs. the outputs of t h e  states are i den t i -  
ca l  where they are both defined and where f o r  any input the next s ta tes  reached by the  p a i r  of 
s ta tes  are ccmpatible where both next states are defined. 
s ta tes  i s  r e f l e x l v e  and s y m t r i c  bu t  not t rans i t i ve .  States which are compatible by t h i s  
d e f i n l t l o n  may be grouped i n t o  the largest sets such tha t  each p a i r  of states I n  a s e t  i s  pair- 
wise canpat lb le and such t h a t  rm fu r the r  s ta te  may be added to a s e t  wi thout destroying 
c a r p a t l b i l i t y .  The collection o f  sets Is ca l l ed  the maximal compatibies. 

A r e t  of sets, K = (Bl ,  B2, ..., B 1, I s  c a l l e d  a cover f o r  a set, S. of states If 

Thus, we should not be surprised when we f i n d  that t o  model 

21 F i e x i o i l i t y .  Cynamic a l l oca t i on  of memory and a greater f l e x l -  

3) General i t  . The APL functions shown a l so  a c c m a t e  the  simu- 

Before tu rn lng  our a t ten t l on  to the problem of minimiza- 

The c l a r s l c a l  Concept of minimlzat ion o f  sequo?tlal machlnes I s  tha t  of ranv ing  super- 

Th is  re la t i onsh ip  i s  an equlvalence.which Induces a p a r t i t i o n  on the states o f  t h e  

Haever,  t o  provide a 

This r e l a t i o n  between p a i r s  of 

P 



The cover I s  a set s y s t m  If 

21 B l  5 8. I-j. 
J 

That IS. no block may be a subset Of any other block. 
e r t y  t h a t  f o r  a l l  i,j 

Further, I f  a set system has the prop- 

3) Bi n 8 .  = 0 

then the se t  system i s  a p a r t i t i o n  which we have discussed above. Thus, every p a r t i t i o n  i s  a 
set system bu t  t h e  converse 1s not t rue.  

Re la t i ve  t o  sequential machines, a set system (o r  p a r t l t i o n )  i s  closed o r  has the subs t i -  
t u t i o n  propertyI  i f  f o r  any Bi t K, we hare 6(Bi,Jl 58. f o r  any input- f o r  some b l x  

Nor, t he  maximal compatibles (equivalence classes1 a r i s i n g  from the c a n p a t i b i l l t y  (equi- 

J - 
of K. 

valence) r e l a t i o n s  def ined on i ncmp le te l y  (completely) speci f ied sequential mch ines  are 
closed due t o  the d e t i n i t i o n  of  C m p a t i D i l i t y  (equivalence) of states.  

compatlbi i i t y  r e l a t i o n  becomes an equivalence and the equivalence classes are thus obtained. 
Thus, t he  minimizat ion of a ccmpleteir  srrecified machine i s  a subproblem of incomplete machine 
minimization, and the maximal compatibles solve the problem f o r  complete machines. 

- not s u f f i c i e n t  f o r  mlnlmizat ion.  
minimal. A c losed cover (a se t  system) Fay be derived by considering subsets of the blocks of  
the maximal canpat ib les,  and t h i s  serves as a d e f i n i t i o n  o f  a minimal machine. Thls r a l e m  
I s  beyond the scope o f  t h i s  paper and It i s  discussed a t  length i n  references [3], [45  and C51 
f o r  example and an algor i thm i s  given i n  E61 f o r  a so lu t l on  t o  t h i s  problem. 

These methods have not y e t  been Implemented i n  t h i s  workspace but we mention the  problem 
here t o  i nd i ca te  the d i r e c t i o n  of  f u r the r  development of the workspace. We also seek t o  
i nd i ca te  t h a t  t he  algor i thms by which we have chosen t o  minimize complete sequent ia l  machines 
are much more general than the  approach used I n  reference [I] and canparisons o f  size o f  
program a re  d i f f i c u l t  t o  make. 

APL Functions f o r  Machine Minimizat ion 

funct ions C W .  EXP, MAXC. and SUBSET each of which produces an e x p l i c i t  r e s u l t .  C W  uses 
global  va r iab les  STATE and OUTPUT and an a n c i l l a r y  funct ion C O D  t o  create a mat r i x  o f  2 
columns and less than 2!N rows which l i s t s  a i l  pa l r s  of s ta tes  which are canpat lb le.  A l i s t  
of s t a t e  p a l r s  which are output canpat ib le only I s  produced as a by-product. The r e s u l t s  from 
CdMP may then be passed t o  CXP which produces a IoglCal ma t r i x  which expresses the  canpatl- 
b l l i t y  r e l a t i o n .  Thls r e s u l t  i s  then ava i l ab le  to K4XC which produces the set system o f  nmxl- 
mal compatibles. The func t i on  SUBSET I s  used t o  r e w v e  subsets from tho l i s t  so as t o  mainteln 
a se t  system dur ing the canputations of MAXC. These fou r  funct ions are g l ven  I n  Fig. 4. The 
r e s u l t  of  W X C  I s  a representat ion of  a se t  system. 

A t  t h l s  p o i n t  we are faced w l th  the problem o f  how the  cover produced by UAXC i s  represent- 
ed. i f  t h e  r e s u l t  i s  a p a r t i t i o n ,  then we are guaranteed of having each o f  t he  h' s ta tes  appear 
only once I n  t h e  l i s t .  
each b lock  has no m r e  than I members. 
the concept o f  arrays of  arrays. 
elenent vector, Y, such t h a t  CI] I s  an integer g i v i n g  t h e  block number of  s t a t e  I. Thus. 
1 2 1 3 2 II 1 represents the p a r t i t i o n  1.3.7: 2.5: 4; 6. The expression f/V gives the  nunber 
o f  b locks I n  t h e  p a r t i t i o n ,  AY orders the p a r t i t i o n  wi thout g i v i n g  the l oca t i ons  where t h e  
breaks between blocks occur. The s i ze  of the block w i th  the greatest  nunber o f  elements I s  
r e l a t l v e l y  easy t o  der ive and t h l s  method of representation wIII be used when we discuss 
p a r t i t i o n s  w i t h  the s u b s t i t u t i o n  property below. 

hwever,  and we have chosen t o  have the  cover returned as a r e s u l t  by W C  be represented In 
t he  f o l l w i n g  way. 

Le t  E l ,  B 2 ,  ... BL be vectors representing the  L blocks of the cover K then the  r e s u l t  Y 
o f  M X C  w l  I i be: 

Moreover, i f  one f i nds  the  maximal cmpa t ib les  f o r  a conpletely specified machine. t he  

On t h e  o the r  hand, f o r  incompletely speci f ied machines having the maximal caxpat ib ies is 
For whi le the maximal c m p a t i b l e s  are closed, they may not be 

The task o f  computing the  maximal compatible sets of states I s  performed by t h e  four 

We k n w  t h a t  thera can be no more than N blccks I n  the  p a r t i t i o n  and 
What I s  required t o  e f f i c i e n t l y  deal w i th  a cover i s  

Cer ta in l y  an easy way t o  handle pa r t i t i ons  I s  to  use an I 

The requirement o f  being able t o  represent covers which are set  systems Is s t i l l  w i t h  us 

V*(Lt21 .O,( t \ ( o B l )  . (082) ,  . . . .PEL) .E1 .B2.. . . .BL 
Then the  func t i on  OF, shorn I n  Fig. 5 may be used to p i ck  up the  Kth b lock Of a cover stored I n  
the format of Y above. 

the same func t i on  as i s  accomplished by the  program HiN of reference [I] f o r  complete machines. 
MINIMIZECll CaICuiateS the cover (a p a r t i t i o n ) .  
l i n e  C91 and P r i n t  a message. If the rachine may be reduced we l i s t  the equivalence classas 
by means Of LIST which i n  t u r n  makes use o f  OF and f l na l  l y  we REDUCE the state t a b l e  and PRIm 
t he  new machines tables using the global Variables OLDSTATC and OLDOW t o  ho ld  a copy o f  the 
o r i g i n a l  machine I n  case re want t o  re tu rn  It. 

P a r t i t i o n s  w i t h  the Subs t i t u t i on  Proper? 

PART i s  g i ven  by: 

The other funct ions of  Fig.  5 enable us by use of WNINIMIZE t o  do more than j u s t  perform 

I f  tha glven machine was minimal. we go t o  

The N s ta tes  of a sequential machine may be pa r t i t i oned  I n  PARTN d i f f e r e n t  ways, where 



V Z+PART N;K;T 
' I c11 , Z-,l+K* I 

CZI 2 4  ((O.lT)!T*-l+pZ)t..Z) .z 
E31 -2rrB>K*Xt1 
CUI Z 4 t Z  

v 
While the number of p a r t i t i o n s  grows q u i t e  rap id l y  as I Increases, t he  number of p a r t i -  

t l o n r  having the  s u b s t l t u t i o n  property i s  vanishingly small cmpared to the r e s u l t  of PART N 
and y e t  these are the  p a r t i t i o n s  which contain the essence o f  the flow information in a 
m p i e t e  sequential machine. 
I n t o  slmpler machines i n  p a r a l l e l  o r  cascade or to reduce the interdependency a m y  t h e  r2.n 
binary var iables which encode the N States internal  to  the machine. An extensive discussion o f  
t h l s  t o p i c  may be found i n  reference i71. 

ca lcu la tes  all o f  the p a r t i t i o n s  having the subs t i t u t i on  property of a sequential machine and 
Provides s u f f i c i e n t  informat ion to construct  the l a t t i c e  o f  closed p a r t i t i o n s .  

as being grouped together i n  a block of a p a r t i t i o n .  
possible inputs I n  the  next State function, STATE, and group those states together as required 
t o  maintain closure. 
a larger block. When a blocking of  the states found by i t e r a t i n g  i n  t h i s  manner holds, we have 
a p a r t i t l o n  having the subs t i t u t i on  property. 

s t r i c t l v e  than requ i r i ng  a p a r t i t i o n  to be mapped i n t o  sane other p a r t i t i o n  by the next s ta te  
funct lon.  
C71. b u t  which i s  beyond the present scope of discu!sion. 

possible p a r t l t l o n s  w i th  the subs t i t u t i on  property which are l a t t i c e  atoms f o r  the machine i n  
question. Also, some, bu t  not necessarily a i  I, closed p a r t i t i o n s  are derived; harbver we may 
der ive the missing p a r t i t i o n s  by taking the SUM of presently derived p a r t l t l o n s  with t h e  sub- 
s t l t u t l o n  property s ince t h a t  property i s  preserved when we take the sum o r  Intersect ion of 
p a r t i t l o n s  which are themselves closed. 

t he  generator p a r t i t l o n s  t o  place them i n  the form previously discussed. Thls rakes it easier 
t o  canpare two p a r t i t i o n s  f o r  containment or  equallty as well as conveniently count the  number 
of blocks. 2) LWHPRESS the I I s t  o f  p a r t i t i o n s  removing duplicates. 

P a r t i t i o n s  which are closed may be used to decompose the machine 

Reference 121 contains a FORTRAN Progran w r i t t e n  fo r  the Michigan Terminal System which 

That cons t ruc t i cn  proceeds i n  the f o i l a i n g  manner. Consider a p a i r  of d i s t i nc t  s ta tes  
Lbok at the image of  t h i s  set under a1 I 

This may mean creat ing new blocks o r  coalescing two o r  more blocks I n t o  

These p a r t i t i o n s  are mapped i n t o  themseives by the next s t a t e  funct ion.  Thls i s  more re- 

Such a requirement leads t o  the idea o f  a r t i t i o n  pairs. also discussed i n  reference 

By e x a l n i n g  all possible 2-state generators In  the manner described above we f l n d  all 

Haever,  before proceeding w l th  the de r i va t i on  of addi t ional  p a r t i t i o n  we: 1 )  RORMLIZE 

The I I s t  of  generator p a r t i t i o n s  i s  then sorted i n  decreasing sequence by the number of 
blocks i n  t he  p a r t i t l o n  f o r  case o f  search f o r  addi t ional  closed pa r t i t i ons .  

The prlmary func t l on  SP i s  shown together w i th  i t s  a n c i i l a v  funct lons i n  Fig. 6. The 
FORTRAN program which they replace was given i n  reference [Z]. 
long. and i t  consists of a main program, 4 subroutines and one l cg i ca l  function. A l l  t o l d  
the re  are 35 FORLHT statements, 5 READS, and 36 WRITES t o  provide the  necessary I /O.  There 
ere 89 ass igmen t  statements used i n  expressing the aigorithm. I t e r a t i o n  i s  provided by tho  
use of 48 m loops w i t h  31 CDNTINUE statements. Sequencing of  statements i s  modified by 20 
e r i t h n e t i c  I F  statements, 26 l og i ca l  IF statements (some of these provided conditional assign- 
mant) and I 3  Go TO'S. 
i nhdded  i n  l og i ca l  I F  statements. There are 7 DIMENSION statements and 27 other 6sclarat ions 
such as subroutine headers, va r iab le  type declarations. RETUWs, ENDS. STOP, or MTA state- 
ments. The func t l on  SP does the  essent ia l  work of  f i nd ing  the p a r t i t l o n s  wi th the s u b s t i t u t -  
ion property although the input/output format are s l i g h t l y  a l t e red  from t h e  prcgram SP I n  
reference C23. 

Even w l t h  the  straightforward modeling o f  then o r l g i n a i  algorithms, capactness has been 
achleved w l t h  APL. This leads to a representation of the algor i thm which i s  easier to f o l l m  
and which Is t o  sane extent self-documenting by v i r t u e  of  nwduiar i ty and other system consid- 
e ra t i ons  r h l c h  tend t o  e l im ina te  declarations, odd naming conventions, and many of t h e  
e x p i l c l t  looping mechanisms dea l t  w i th  by Do loop structures. 

Concl usi  ons 

sequential nature o f  the device as wel l  as the types o f  problems associated with Sequential 
machines, ma t r i x  formulations of the problem algorlthms are harder to come by. 
t r a d i t l o n a l  approaches to a problem APL provides a more c a p a c t  representatlon of t he  .I- 
gor i tha.  
r i v e s  f m  the  concise nature of  the language. 

Rather than compare sizes of a s ing le  funct ion o r  program it i s  m r e  relevant t o  consider 
t h e  k d u l a r i t y  inherent i n  APL which gives r i s e  to considerable gains i n  convenience i n  creat- 
i n g  and using the  e n t i r e  appl icat ions package. Here APL comes out way ahead. Also. i n  many 
app l i ca t l ons  of t he  s o r t  that we have discussad where there i s  a great deal of i n t e r a c t i o n  
between the  user and the model t h a t  he i s  bui  id ing the open ended nature o f  the APL Terminal 
System i s  an asset. It must a l so  be noted t h a t  w i th  a great deal o f  interact ion involved, 
t h e  l n t e r p r e t l v e  nature of  APL becomes less of a burden because: I )  most of the t ime i s  the 
person's th lnk ing  and reac t i on  time, 2 )  a m d e i  of sane s o r t  i s  general ly being developed and/ 
or used and it I s  t he  person's time which i s  t o  be optimized and 3) i n  modeling t h e  I t T U C -  
t u r e  o f  the model I s  usual ly subject  to change and t h a t  requirement i s  eas i l y  S a t i s f i e d  I n  an 
i n t e r p r e t i v e  nude. 

That p r o g r a  I s  346 s t a t m n t s  

There are 9 CALLS to subroutines and t h e  funct ion ca l  i s  are general ly 

A f i n i t e  state sequential machine has a mat r l x - I l ke  formulatlon. bu t  both because o f  the 

Even w i t h  the 

i n  many respects the APL formulation embodies a greater degree of Clar i ty which de- 
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USihG APL TO INVESTIGATE SEpJENTiAL M4OIiNES 
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E l e c t r i c a l  Englneering Department, Syracuse Un ive rs i t y  

I ntroduct i o n  

s ignal  patterns i s  c r i t i c a i .  
t i a t  lcachine model i s  required as a po r t i on  of the Synthesis procedure. m c m  t o  exam- 
ine a nurrSer o f  f i n i t e  s t a t e  sequential machines, t o  l o o k  a t  many proDerties o f  a s i n g l e  model, 
o r  t o  examine a number of a l t e rna te  formulations would be a useful t oo l  f o r  computer englmerr,  
l og i ca l  designers, ccmputer sc ien t i s t s ,  and teachers. 
t o  provioe such a tool a i l o r i n ?  the researcher t o  probe f i n i t e  s t a t e  sequential machines I s  
describe0 i n  t h i s  paper. The c o l l e c t i o n  of funct ions which are col lected i n  a workspace a t  
present habe been influenced by some time shared programs w r i t t e n  by Thomas F. P i a t k a s k l  I n  
M S I C  ( 3  prog ram)  and FORTRAN on the Michigan Terminal System ( I  program). 
ed i n  references [ i ]  and [Z] respect ively,  and fol lowing t h e i r  design objectives a l i a s  the  
In te res ted  reader the opportuni ty t o  make some c0m:arisons between the  functions w r i t t e n  I n  
N'L and Qood impiementations i n  these more t r a d i t i o n a l  and widely aval iabie languages. 

Formally a f i n l t e  s t a t e  sequential machine, M, i s  a 6-tuple M - 4, X, Z, 6 ,  A,  s ), 
where S i s  the set of states,  X i s  the Set of inputs, 2 i s  the se t  o f  Outputs; 6 I s  th: m x t  
s t a t e  function, mapping ordered pa i r s  o f  s ta tes  and Inputs i n to  states; 6:s x X + S; and 1 i s  
the output funct ion,  mappirg ordered pa i r s  of states and in- i n t o  outputs, 1:s x 'X * 2; and 
s i s  t he  i n i t i a l  state,  a dist inguished mmber Ot S. i f  6 and )Ie defined for a l l  menbors 
o? t h e  Cartesian product 5 = X, we say the machine i s  compietel 
machine i s  incomplete. 
t h e  s t a t e  then the model i s  a Moore mxh ine  model; otherwise i n  t h e  most general form o f  out- 
pu t  f unc r ion  it i s  a Mealy model. 

Designers of  d i g i t a l  systens invar iably encounter problems I n  which the sequence of 
A t  these times the  creat ion of t he  co r rec t  f i n i t e  s ta te  5.guen- 

4 -- 
The use of the  k?L\360 Terminal Systsn, 

i 

These were report-  

specitied; otherwise the 
i f  t he  machipe has an output f unc t i on  *'which 15 only a funct ion of 

i n  our formulat ion r e  w 1 I i  represent the  set of states by the f i r s t  N integers, \I In 
ORIGIN 1 and the  se t  o f  inputs w i i i  be represented by I P  and the s e t  of outputs by 10. The 
next s t a t e  mapping i s  represented by a va r lab ie  which i s  a 2-dlme~sloned array c a l l e d  STAT8 
w i th  a row represent ing the  present s t a t e  and the columns representing the states reached by 
one of t h e  P inputs. I n  a s i m i l a r  manner we use a matrix, not surpr is lngiy.  naned O U T P M  t o  
ho ld  t h e  output mapping. Thus POUTPUT i s  X.P.  

Our model thus deals w i t h  I . P . P  Mealy machines. By enter ing 0's appropr iately i n  STAT8 
o r  OUTPUT we w i l l  denote undefined next s t a t e  o r  output mappings and thus include lncanpletely 
spec i f i ed  machines i n  the  m d e l .  Ha, these funct ions cu r ren t l y  re la te  t o  i n c m p l e t e i y  speclf- 
led machines w i i i  be covered la te r .  Su f f i ce  it t o  say t h a t  the programs i n  [ I ]  and [ Z ]  deal 
w i th  Ewnpiete machines and so sane funct ions described here deal only wi th c m p i e t e  machlmr 
f o r  purpcses of comparison. 

INITIALIZE and pRIIlT 

SFXlZ and 0UT:lliT wi th  the op t i on  of not providing an output funct ion should it no t  be of 
impcrtance, 2 s  f o r  example, i n  checking t o  see i f  the machine I s  strongly connected. A f te r  
spec i f y ing  the appropr iate var iables INITIATIZB c a l l s  PRINT to display the machine. PRIAT 
produces as an e x p l i c i t  r e s u l t  an array of characters g i v i n g  the  mappings contained I n  STmE 
and OUTPVT together w i th  sun0 formatt ing n i ce t i es .  

A t  present states ana outputs are represented as s i n g l e  characters taken fran character 
vec tc rs  A L P H I  and XLi'E2 respect ively.  
outputs a re  represented by - and states are represented by l e t t e r s  and outputs by hexadeclmal 
d i g i t s .  The present r e s t r i c t i o n  I n  display then I s  I 6  26 and 0 II 16. Changes i n  P R m .  
ALFH1. and XLPHZ would remove t h i s  r e s t r i c t i o n ,  and B 9  may be altered by changing PMm. 

The func r ion  IXITIALIZE provides a conversational way of se t t i ng  N and P and specl fy lng 

Thus f o r  purpose of  d isplay "don't care" s ta tes  and 

These funct ions are shown i n  Fig.  I. 

i n  passing we note t h a t  separate var iables were chosen t o  store the  next s t a t e  and Output 
mappings r a t h e r  than s t o r i n g  both mappings as planes o f  a s ing le  array. 
f o r  t he  f b t u r e  when we w i l l  handle Moore type machine models wherein the Output I s  an I 
element vecfor ra the r  than a matr ix.  
a r t i f i c e  o f  having a i l  P coiumis o f  OUTFUT be iden t i ca l .  

Simulat ing a F i n i t e  State Machine 

a s t a r t i n g  sta:e and then upon g i v ing  successive inputs t o  have the corresponding outputs d i s -  
played, perhaps w i t h  the op t i on  of having the current State o f  the machine displayed o r  not. 

This I s  t o  prOVld. 

A t  present we may handle th i s  type Of machine by the  

i t  i s  usofui  a f t e r  having spec i f i ed  a p a r t i c u l a r  sequential rrachlne s t ruc tu re  t o  specl fy 



The func t i on  SINUEATE performs t h i s  task. and I t s  display together w i t h  a sample o f  i t s  use 
are s h a n  I n  Fig. 2. 
grm S I M  I n  reference [I] (pp. 4-9). 

Among these statements there are 35 
PRINT statements, 6 G3 TO'S. 9 IF'S. 5 FOR Statements m d  5 associated NEXT statements, 7 IN- 
PUT, I LET statement. 2 DIHenslon. I EkD and i STGP s ta temnt .  Since the value o f  variables 
can on ly  be changed by an iNFUT o r  LET statement, most of  the program i s  c l e a r l y  p r i n t i ng  and 
sequence con t ro l .  Moreover, t he  sequential natuye of the p r o b l m  denies exp lo i t a t i on  of the 
po re r fu l  array operators I n  APL. Thus, we should not be surprised when we f i n d  t h a t  t o  m d e l  
t h e  same f unc t i on  i n  APL requires the 17 statement funct ion SIMUUTE. the 22 statement I R I -  
TIALIZE and the 8 s ta tene r t  funct ion PRINT. f o r  a t o t a l  of 47 reasonably s t r a i g h t  fomard 
StatenentS. S t i l l  severai advantages other than a s l i g h t  gain i n  b rev i t y  are obtained In  the  
APL approach; these are: I) Mcdulari: . The functions IXITIALIZE and PRINT are usable i n  
t h e i r  own r i s h t  and i n  t u r n  may and w i y l  be ca l l ed  by other functions; other programs i n  [I]. 
for exanple, dup l i ca te  the  equivalent o f  INIXALIZZ (using 35-38 BASIC statements) a t  the 
beglnning o f  each program. 
b i l i t y  end convenience i n  input formar reauirements allow the  functions t o  be adapted to a 
wider va r ie t y  of  machines. 
l a t i o n  o f  i n c m p l e t e l y  spec i f i ed  machine:. 

Strongly Connected Yacrlses 

I.J. t he re  ex i s t s  sone sequence of inputs which takes the  machine frm I as an i n i t i a l  s t a t e  
t o  J as a f i n a l  state.  
and a l s o  to make a (multiple step) t r a n s l t l o n  fran any s ta te  to stet. I. 

I n  Fig. 3. 
whlch ac ts  as cal I ing sequence to STRONG. INITIALIZE and PRIRT. 

We must cumnent i n  passing t h a t  due to t he  modular nature of  APL. STR i s  r e a l l y  not nwd-  
ed; we may l n l t i a t e  the execution of INITIALIZE and then STRORC d i r e c t l y  f ron  the  termlnal and 
although these are separate functions, both manipulate c m n  global  variables. 
IenCe of having funct ions and varlables pooled as resources i n  a workspace t o  be used whenever 
needed I s  a tremendous advantage of the APL Terminal System. I n  short  we need only add the  16 
statmnont funct lon STRORC t o  those already described to check whether a machine i s  strongly 
Connected. 
States, S ,  (Initially set t o  I) t h a t  we can reach f ron  s ta te  I and then f i n d  a l l  the s ta tes  we 
can reach w l t h  one more input, append t h a t  t o  S, s o r t  the set o f  states, and drop out dup l i -  
ca te  en t r i es .  When t h a t  l i s t  has ne new en t r l es  on it we have the l i s t  o f  states reachable 
frCm s t a t e  I. I n  a s l m i l a r  fashion STROIICCIII bu i l ds  a list o f  s ta tes  frcm whlch state I may 
be reached by sone input sequence. 
t l on ,  It should be noted t h a t  an added advbntage of STRONG over STR w r i t t e n  i n  BASIC I n  
re fe rOKe [I] I s  t h a t  STRONG l i s t s  a l l  states whlch cannot be reached frm s t a t e  I as well as 
a l l  s ta tes  which cannot reach s ta te  I ra the r  than j u s t  t h e  f l r s t  s ta te  i n  l ex i ca l  order whlch 
f u i f l I I s  one of these qud l l f i ca t i ons  as i s  done I n  STR. 

Minlmizat ion o f  Sequential Machines 

f luous s ta tes  so as t o  raduce the number o f  states in the s t a t e  table. A s ta te  1s superfluous 
I f  It I s  equlvalent to s a w  other s ta te  where we say two states are e u i va len t  I f  the outputs 
a m  q u a l  f o r  any Inpu t  and i f  the p a l r  of states reached under any h a i s o  equivalent. 

machlne breaking t h a t  se t  up i n t o  a se t  of sets such t h a t  each of these sets o r  
p a r t l t l o n  has no member i n  cannon w i th  any other block o f  t he  p a r t i t l o n  and such t h a t  any p a i r  
o f  s ta tes  w l t h l n  a block are lndlst lnguishable f r a n  one another i n  terms o f  input-output 
wnslderet ions.  

Since a l i  s ta tes  w i t h i n  a block have the  sane output f o r  each Input, each of t he  blocks 
serves as a prototype f o r  a s ta te  I n  a mlnimlred machine. This soives the cIassicaI minlmi- 
z e t l o n  prablem provlding the  machine i s  c m p l e t e l y  specified. I t  i s  t h i s  procedure t h a t  has 
been Implemented i n  the BASIC program HiN which a l so  appears i n  reference [I] (pp. 17-24). 

Unfortunately the  concept of equivalence no longer holds If the  sequential machine i s  E 
canpletely specl f led.  We do not Intend t h i s  t o  be e i t h e r  a t u t o r i a l  o r  a review of t he  mlni- 
mlzat lon o f  Incompletely specl f ied sequentlal machines; t he  reader can r e f e r  t o  references C31, 
[4], [SI o r  any other recent book on switching and automata theory. 
b e t t e r  understanding of the  APL funct lons which follow, sone addl t ional  de f l n l t i ons  and dis-  
cussion are required. 

Mlnlmal Incomplete Machines 

When the  spec i f i ca t i on  of the mch lne  i s  not complete, ra the r  than equivalence of  States. 
r a  say tha t  two states are mmpatible i f  f o r  a i l  inputs, the outputs of the States are l den t i -  
ca l  rhe ra  they are both defined and where for any Input t he  next states reached by the  p a i r  o f  
s ta tes  are conpat lb le where both next states are defined. 
s ta tes  I s  r e f l e x i v e  and s y m t r i c  bu t  not t r a n s i t i v e .  States which are conpatible by t h i s  
d e f l n l t l o n  may be grouped i n t o  the largest sets such tha t  each p a i r  of states I n  a s e t  i s  pa i r -  
wlse ccmpatlble and such t h a t  no fu r the r  s t a t e  may be added to a se t  without destroying 
c o n p a t l b l l l t y .  

( B l ,  B2, ..., B ), I s  ca l l ed  a 5 f o r  8 set, 5 ,  of States If 

Thls func t i on  matches, f o r  the most part ,  the output created by the pro- 

SIM i s  r r l t t e n  i n  BASIC and contains 72 statements. 

2) F i e x i o i l i t y .  Dynamic a l l oca t i on  of memory and a greater f l e x l -  

3)  General i t  . The APL funct ions sham a lso  a c c m d a t e  the simu- 

A sequential machlne ;s Termed strongly connected i f  f o r  any a r b i t r a r y  p a i r  of states 

i t  i s  thus s u f f i c i e n t  to be able t o  go frm s t a t e  I to any other s t a t e  

I n  t h e  implementatioq under discusslon. t h l s  task I s  perfonned by Sl'ROM which 1s s h a n  
To model the  BASIC program STR of [I] we a l so  s h a  i n  Fig. 3 the APL function STR 

The conven- 

Note t h a t  m s t  o f  the work ls'done I n  STRONGCZI wherein we s t a r t  w i t h  a set  o f  

Before tu rn ing  our a t ten t i on  t o  t h e  problem of minimiza- 

The c l a s s l c a l  concept o f  minlmlzation o f  sequectial machlnes I s  t h a t  o f  raroving super- 

Th ls  re le t l onsh lp  I s  an equlvalence'which induces a p a r t i t l o n  on the states of t h e  
of  the 

However, t o  provide a 

This r e l a t i o n  betreen p a i r s  of 

The collection o f  sets is ca l l ed  t h e w  cmpat lb les.  

A s e t  o f  sets, K 
D P 



I 

The c o v i r  I s  a set systun I f  

2) Bi 5 E. I-j. 
J 

That is, no block may be a subset of any other block. 
e r t y  t h a t  f o r  all i.j 

Further, if a s e t  system has the prop- 

5 )  Ei n E .  0 

then the  se t  system i s  a Par t i t iOn  which we have discussed above. Thus, every p a r t i t i o n  i s  a 
s e t  system bu t  t he  converse i s  not t rue.  

t u t i o n  p roper t y  i f  f o r  any Ei f K, we have 6(Bi,J) 58. f o r  any input- f o r  sme b l m  
J J o f  K. 

Now, t he  maximal cmpa t ib les  (equivalence classes) a r i s i n g  from the compat ib i l i ty  (equl- 
valence) r e l a t i o n s  defined on inconpietely (completely) Speci f ied sequential machines are 
closed due t o  the d e f i n i t i o n  of compa t ib i l i t y  (equivalence) o f  states.  

compa t ib i l i t y  r e l a t i o n  becomes an equivalence and the equivalence classes are thus obtained. 
Thus, t he  minimization of a c m p i e t e l y  spec i f i ed  machine i s  a subproblem of incomplete machine 
minimization, and the  maximal compatibles Solve the problem f o r  complete machines. 

- not  s u f f l c i e n t  f o r  minimization. 
minimal. A closed cover (a  se t  system) way be derived by considering subsets of the blocks o f  
the maximal compatibles, and t h i s  serves as a d e f i n i t i o n  of a minimal machine. This rcblem 
I s  beyond the scope of t h i s  paper and it i s  discussed e t  length i n  references C31, [45 and C51 
f o r  example and an algor i thm i s  given i n  C61 f o r  a so lu t i on  t o  t h i s  prdalem. 

These methods have not y e t  been implemented i n  t h i s  workspace bu t  we mention the problem 
here t o  i nd i ca te  the  d i r e c t i o n  of  f u r the r  development o f  the workspace. We a lso  seek to 
i nd i ca te  t h a t  the algorithms by which we have chosen to mlnimize compiefe sequential machines 
are much mre general than the approach used i n  reference [ I ]  and comparisons o f  s i ze  of 
programs are d i f f i c u l t  t o  make. 

APL Functions f o r  Machine Minimizat ion 

The task of ccmputing the maximal compatible sets of states i s  p e r f o m d  by the four 
funct ions C W .  EXP, MAXC. and SUBSET each of  which produces an e x p l i c i t  r esu l t .  C(xm uses 
global  var iables STATE and OUTPUT and an anci i i a r y  func t i on  C O S  t o  create a ma t r i x  of 2 
columns and less than 2!N rows which l i s t s  a l l  pa i r s  o f  states which are compatible. A l i s t  
of s t a t e  p a i r s  which are output compatible Only I s  produced as a by-product. The r e s u l t s  fnrn 
CaMP may then be passed t o  EXP which produces a l og i ca l  matr ix which expresses the compatl- 
b l i i t y  r e l a t i o n .  This r e s u l t  i s  then ava i l ab le  to MAXC which produces tKe se t  system of msxl- 
mal compatibles. The funct ion SUBSET i s  used t o  remove subsets f romthe  I I s t  so as t o  malnteln 
a s e t  system dur ing the conputations o f  MAXC. 
r e s u l t  o f  M X C  I s  a representat ion of a set  system. 

A t  t h i s  p o i n t  we are faced w i th  the problem o f  h a  the cover produced by MAXC I s  represent- 
ed. I f  t he  r e s u l t  i s  a p a r t i t i o n ,  then we are guaranteed of having each o f  t he  N s ta tes  appear 
on l y  once i n  the l i s t .  We k n w  tha t  there can be no mre than N blccks i n  the  p a r t i t i o n  and 
each block has no m r e  than N members. What i s  required t o  e f f i c i e n t l y  deal w l th  a cover I s  
the concept o f  arrays o f  arrays. 
element vector, Y, such t h a t  m) Is an integer g i v l n g  the  block number of State 1. Thus, 
1 2 1 3 2 4 1 represents tne p a r t l t l o n  1 . 3 . 7 :  2.5; 4; 6. 
o f  blocks I n  t h e  p a r t l t l o n ,  AYorders the p a r t i t i o n  wl thout g i v i n g  the locat lons where the  
breaks between blocks =cur. The s ize  of the  block w i th  the greatest nunber o f  =3lementS i s  
r e l a t i v e l y  easy t o  der ive and t h i s  method o f  representat ion w i l l  be used when we discuss 
p a r t i t l o n s  w i th  the s u b s t i t u t i o n  property beicu. 

however, and we have chosen to have the cover returned as a r e s u l t  by MAXC be represented I n  
the  fo l l ow ing  way. 

Le t  81, 62, ... BL be vectors represent ing the  L blocks o f  the m e r  K then t h e  r e s u l t  t' 
o f  EUXC w I I I  be: 

Re la t i ve  t o  sequential machines, a set system ( o r  p a r t i t i c n )  i s  closed o r  has the subst i -  - 

Moreover, i f  one f i nds  the maximal compatibles f o r  a completely specified machine, t h e  

On the  other hand, f o r  incompletely spec i f i ed  machines having t h e  maximal compatibles I s  
For wh i l e  the maxlmai compatibles are closed, they may not be 

These four funct ions are glven i n  Fig. 4. The 

Cer ta in l y  an easy way t o  handle pa r t i t i ons  i s  t o  use an I 

The expression r/Y gives t h e  nmber 

The requirement o f  being able t o  represent covers which are set systems i s  s t i l i  w i th  US 

V I ( L t 2 )  .O,(+\(PB~).(D82)... ..PBL).B1.82.. . .BL 
Then the  func t i on  OF, s h a n  i n  Fig.  5 may be used t o  p i ck  up theK th  b lock  o f  a cover stored I n  
the format of V above. 

the same tunc t i on  as i s  accomplished by t h e  progrem HiN of reference [ I ]  f o r  complete machines. 
MINIMIZECII calculates t h e  cover (a  p a r t i t l o n l .  
l i n e  C91 and p r i n t  a message. If the machine may be reduced we l i s t  t he  equivalence classes 
by means of LIST which i n  t u r n  makes use of OF and f l n a l l y  we REDUCE t he  s ta te  t a b l e  and PRIm 
t he  new mechlnes tables using the  global  var iables OLaSTATE and OLWUT t o  hold a copy o f  the 
o r i g i n a l  machlne i n  case we want to re tu rn  It. 

P a r t i t i o n s  w i th  the  Subs t i t u t i on  Property 

PART Is g lven  by: 

The other funct ions of  Fig.  5 enable us by use of MNIMIZE to do more than j u s t  perform 

If the given machine was minimal, we go to 

The R states of a sequentlai machine may be par?l t lonad In PART U d i f f e r e n t  rays. rhera 
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While the number of p a r t i t i o n s  g r a s  q u i t e  r a p i d l y  as I increases. the number of part i -  
t i o n s  having the  subs t i t u t i on  property i s  vanishingly small capared  t o  the r e s u l t  of  PART w 
and y e t  these are the  p a r t i t i o n s  which contain the essecce of the f i a  information i n  a 
complete sequential machine. 
I n t o  s impler machines i n  p a r a l l e l  o r  cascade o r  to reduce the interdepecdency among the f1.w 
binary var iables which encode the N states i n te rna l  to the machine. An extensive discussion of  
t h i s  t o p i c  may be found i n  reference i71. 

CaiCUiateS a i l  o f  the p a r t i t i o n s  having the subs t i t u t i on  property o f  a sequential machine and 
provides s u f f i c i e n t  informat ion t o  construct  t he  l a t t i c e  o f  closed pa r t i t i ons .  

as being grouped together i n  a block o f  a p a r t i t i o n .  
possible Inputs I n  the next s ta te  function, 5TA.T. and group those states together as required 
t o  maintain closure. 
a larger block. 
a p a r t i t l o n  having the subs t i t u t i on  property. 

s t r i c t i v e  than requ i r i ng  a p a r t i t i o n  t o  be mapped i n t o  s m  other p a r t i t i o n  by the  next s t a t e  
fUnCtlOn. 
C71. b u t  which I s  beyond the present scope o f  discucsion. 

possible p a r t i t i o n s  w i th  the subs t i t u t i on  property which are l a t t i c e  a i m  f o r  the m c h i m  i n  
question. Also, sane, bu t  not necessarily a i l ,  closed p a r t i t i o n s  are derived; haever we may 
der ive the missing p a r t i t i o n s  by taking the SUM of presently derived p a r t l t i o n s  with the sub- 
S t l t u t i O n  property since tha t  property i s  preserved when we take the sum o r  intersect ion o f  
p a r t i t i o n s  which are themselves closed. 

t h e  generator p a r t i t i o n s  t o  place them i n  the  form previously discussed. This makes it eas ie r  
t o  campare two p a r t i t i o n s  f o r  containment o r  equa l i t y  as wel l  as conveniently count the numer  
Of blocks. 

P a r t i t i o n s  whlch are closed may be used t o  d e c q o s e  the mchine 

Reference c21 contains a FORTRAN program w r i t t e n  fo r  the Mlchigan Terminal System which 

That construct ion proceeds i n  the f o i i a i n g  manner. Consider a p a i r  of  d i s t i n c t  states 
Look a t  the image o f  t h i s  se t  under a i l  

This may mean creat ing new blocks o r  coalescing two o r  r a r e  blocks i n t o  
When a blocking o f  the states found by i t e r a t i n g  i n  t h i s  manner holds, we have 

These p a r t i t i o n s  are mapped i n t o  themselves by the next s ta te  function. This i s  more re- 

Such a requirement leads to the idea o f  a r t i t i o n  pairs, a lso  discussed in reference 

By examining a i l  possible 2-state generators i n  the manner described above we f ind a i l  

b e v e r .  before proceeding w i th  the  de r i va t i on  of addl t ionai  p a r t i t i o n  we: I) RORMLIZE 

2) LVM€'RESS t he  l i s t  of  p a r t i t i o n s  removing duplicates. 

The l i s t  of generator p a r t i t i o n s  i s  then sorted i n  decreasing sequence by tha nunber of 

The primary func t l on  SP i s  s h a n  together w i th  i t s  a n c i l l a r y  functions i n  Fig. 6. The 

blocks i o  the  p a r t i t i o n  f o r  case o f  search f o r  addi t ional  closed pa r t i t l ons .  

FamuN program which they replace was given i n  reference [2]. 
long, and it consists of a maln program, 4 subroutines and one logical  function. A i l  t o l d  
the re  are 35 FORVAT statements, 5 REAUS, and 36 WRITES t o  provide the  necessary i/O. 
ere 89 assignnent statements used i n  expressing the aigorithm. i t e r a t i o n  i s  provided by tho  
use o f  48 00 loops w i th  31 CONTINUE statements. 
a r i t hmet i c  I F  statements, 26 logical  IF statements (sae of these provided conditional essign- 
nmt) end I 3  GO TO'S. 
imbedded i n  l og i ca l  IF  statements. There are 7 DIMENSICN statements and 27 other declarat ions 
such as subroutine headers, va r iab le  type declarations. RETUWs, ENOs, STOP, o r  MTA state- 
ments. The func t i on  SP does the essent ia l  work of  f i nd ing  the pa r t i t i ons  w i th  the s u b s t i t u t -  
i o n  property although the  input/output format are s i i g h t i y  a l t e red  f ra  the  program SP i n  
reference C23. 

Even w i t h  the  s t r a i g h t f o n a r d  m d e i l n g  o f  then o r i g i n a l  algorithms, conpactness has been 
achieved w l th  APL. This leads t o  a representation o f  the algor i thm which i s  easier t o  fo l low 
and which i s  t o  sane extent self-documenting by v i r t u e  of  modularity end other system consid- 
o ra t l ons  whlch tend t o  e l im ina te  declarations. odd naming conventions, and many of t he  
m x p i i c l t  looping mchanisms dea l t  w i th  by Do loop structures. 

Conclusions 

sequentlei nature of t he  device as wel l  as the types of problems associated with Sequential 
machines, ma t r i x  formulations o f  the problem algorithms are harder t o  c m  by. 
t r a d i t i o n a l  approaches t o  a problem APL provides a more compact representation of t he  a i -  
gorlthm. 
r i v e s  f r o m  the  concise nature of  the language. 

Rather than conpare sizes of a s ing le  funct ion o r  program It i s  more relevant t o  consider 
the  k d u i e r i t y  inherent i n  APL which gives r i s e  t o  considerable gains i n  convenience i n  creat- 
l ng  and using the  e n t i r e  appl icat ions package. Here APL canes ou t  way ahead. Also, i n  many 
app l i ca t i ons  o f  t he  s o r t  t ha t  we have discussed where there i s  a great deal of i n t e r a c t i o n  
between the  user and the model t h a t  he i s  bu i l d ing  the open ended nature of the APL Terminal 
System i s  an asset. it must a l so  be noted t h a t  w i th  a great deal of interact ion involved. 
t h e  i n t e r p r e t i v e  nature o f  APL becomes less of a burden because: I )  M s t  of the t ime i s  the 
person's th ink ing  and react ion t i m e ,  2) a model of sane so r t  i s  generally being developed and/ 
or used and it i s  the  person's time which i s  t o  be optlmlzed and 3) I n  modeling t h e  S t r U C -  
t u r e  of the model i s  usual ly subject  t o  change and tha t  requirement i s  easily s a t i s f i e d  I n  an 
i n t e r p r e t i v e  mode. 

That p r o g r a  i s  346 s t a t ~ n e n t s  

There 

Sequencing o f  statements i s  modified by 20 

There are 9 CALLS t o  subroutines and the funct ion c a i i s  are general ly 

A f i n i t e  s t a t e  sequential machine has a ma t r l x - l i ke  formulation. b u t  both because of the 

Even w i t h  the  

i n  many respects the APL formulation embodies a greater degree of  Clar i ty which de- 
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